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ABSTRACT

A general method to estimate income distribution functions using information provided in grouped data
is presented in this paper. The aggregation may be symmetric (the number of individuals being the
same in each interval) or asymmetric, (the number of individuals being different in each interval). This
technique enables us to build a worldwide (or national) density function on the basis of national
(regional) data which is much more accurate than standard approaches in this type of literature. Our
general method is developed in two stages: in the first stage we obtain a Lorenz curve, in the second,
using the results of the previous stage an income density function is derived through non-parametric
techniques. In addition, several Monte Carlo experiments that prove the good sample properties of our
estimator are shown. Finally, two empirical applications of our method of estimation are proposed for
both symmetrical and asymmetrical groups.

Keywords: Income distribution, kernel function, nonparametric density estimation, grouped data.
JEL classification. D31, D63, H23.
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1. INTRODUCTION

The study of income distribution is a crucial issue in the analysis of inequality and poverty, from a
political and socio-economic view, and it is a major concern for individuals, economists, and the
government. The determinants of poverty and inequality, and the actions needed to reduce them are
equally important. Besides these aspects, the calculation of income distribution functions, and
evolution of such distribution over time, is useful to analyze social mobility, the impact of redistributive
policies, etc, at different levels (personal, regional, national and global).

A current subject in the applied economic literature focuses on the calculation of income aggregate
functions derived from subgroups, i.e. the estimation of global (national) income distribution by
integrating the income distribution of countries (regions). When thinking of the world as a unit of
analysis, it is interesting to obtain the income of citizens in the whole planet. To compute world
income countries are used as units of study. But, if the researcher takes into account the different
population size of these units (two countries as China and Denmark have different weights in the
calculation of a hypothetical global income function), it is not appropriate to treat each country as a
"unit" of analysis (obviously each country does not have the same weight in the aggregation).
Therefore, it is necessary to use income distributions weighted according to the population of every
country. But this may not be enough to obtain good estimates of poverty and inequality because
these methods can obviate the existence of within- country dispersion, therefore implying that all
individuals in a country have the same level of income. As a consequence, biased results are
obtained. A general method may be necessary, that will allow the aggregation of regional
(domestic) functions through the aggregation of "micro" income values generated by each income
function in the regions. For more details of global income distribution, see Milanovic (2002) and
Sala-i-Martin (2002).

The estimation of income distribution functions essentially depend on the data available to
researchers. Such data are obtained through various means: administrative records, censuses,
samples, surveys, panels, etc. However, in many cases, the information available to researchers is
limited to grouped data (quantiles) of income from household surveys or administrative records.
Moreover, grouped data are the only source of information on income distributions in most countries
(or regions) playing an important role in the determination of poverty and inequality at worldwide level.
The process of assembling the data can be described as follows: income information of a large
number of individuals is summarized through the use of clusters (intervals) organized by ascending
order of income level. This grouping may be symmetrical (also called quantiles), the number of
individuals in each of the intervals being the same, or asymmetrical, the number of individuals
associated with each interval being different.

From a theoretical point of view the estimation of the density function can be performed in two different
ways: the parametric approach and nonparametric approach. The choice between them depends on
how researchers use available information, which is indicated by the specification of the model
(structure and parameters) and the data used. Nonparametric methods give more importance to the
information from data, whereas the parametric approach gives more weight to the specification of the
model, i.e. the hypotheses of the model: the income distribution is symmetrical, linear parameters, etc,
and the data must be adapted to this fixed format.

According to the above paragraph, economic literature has proposed two approaches to obtain
estimates of density functions or Lorenz curves from grouped data. The first approach is based on
parametric estimates of density functions and Lorenz curves. Two of the most widely used methods
for estimating this curve are the Quadratic Lorenz curve [proposed by Villasenor and Arnold (1989)],
and the Beta Lorenz curve [proposed by Kakwani (1980)]. Both methods perform relatively well in
the case of uni-modal distributions, however, the method by Villasenor and Arnold presents a clear
advantage to researchers over that by Kakwani, because its computer implementation is much
simpler (Datt, 1998). Other noteworthy studies on parametric estimation methods include Ryu and
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Slottje (1996), Ravallion and Huppi (1989), and Cheong (2002), in which the most widely-used
Lorenz functional forms are compared, and Kakwani and Podder (1976), Rasche, et al. (1980),
Ortega, et al. (1991), Griffiths, et al. (2005), and Minoiu and Reddy (2006a). The main drawback of
the parametric approach is that if there is a misspecification of the model (i.e., the assumptions
regarding the density function underlying the grouped data are not true) the performance of the
estimator is poor. This implies that inferences based on the model’s results will be questionable in
terms of accuracy.

The second approach, and the most widely followed by the current literature involves the non(
parametric estimation of the income distribution, which is the direct estimate of the distribution
functions through the use of kernels (for details see Silverman, 1986). This approach can be applied to
various types of research such as the study of poverty and inequality in Sala-i-Martin (2002, 2006),
Ackland, Dowrick and Freyens (2006), and Fuentes (2005), etc. The accuracy of the results depends
essentially on the kernel functions and bandwidth used in the calculation of the density function
underlying the grouped data utilized (see Minou and Reddy, 2006b, Wu and Perloff , 2003, and
Milanovic, 2006 for the study of global income distribution). These non-parametric techniques perform
well when the number of observations available to researchers is high. However, typically in these
kinds of studies, the available data are limited to five figures (quintiles). The combination of "limited
structure" and "limited data" produces results that are, in turn, of limited value (nonparametric bias
estimator).

From a practical point of view, the nonparametric estimator of the density function with grouped data
performs well if two conditions hold. The first condition is that the grouped data be available in
quantiles (in fact, grouped data presented in the literature are in the form of quintiles) since these
values provide very relevant information about the underlying distribution. The second condition
concerns the shape of the underlying distribution. Specifically, it is necessary to assume symmetric
functions, as in the case of the log-normal distribution. In asymmetric situations (due to the underlying
distribution), the goodness-of-fit of the estimated density function is poor.

The aim of this paper is the estimation of the income distribution on the basis of grouped data
through a two-step method. In the first step, the Lorenz curve is estimated by applying some of the
most widely used methods proposed in the literature. In the second step, using the first stage
estimates, the nonparametric function of income distribution is obtained. Furthermore, the
robustness and accuracy of our two stage method is analyzed. Several Monte Carlo simulations are
performed and two applications for different types of grouped data are presented. Our general
method allows the aggregation of global (national) functions (domestic) through the aggregation of
“micro" income values produced by each function of income in a country (region). It is important
because this technique does not add income functions, but the microdata produced by each
function.

The paper is organized as follows. In the next section, the characteristics of the data are discussed. In
the third section, the econometric specification of our estimation method is presented and the
properties of the estimators are described. The sample behavior of the estimator is shown in section 4,
using Monte Carlo simulations. In Section 5 two applications of our estimation method for different
types of grouped data are proposed. Finally, the conclusions are shown in Section 6.

2. DATA DESCRIPTION

As noted in the introduction, the estimation of density functions, the measures of inequality and
poverty depend crucially on how the information is available and has been grouped. Generally,
researchers have data grouped in intervals: An interval represents different income levels of
individuals grouped in ascending order. A data source can be household surveys or administrative
records. Usually, the available information is in quantiles if the information origin is a survey,
whereas if the source is administrative files, income intervals often contain different numbers of
individuals in each interval. A general representation of grouped data is given in the following
table.
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Table 1
INCOME GROUPED AND RELATIVE ACCUMULATED DATA
Data Accumulated Percentage
Interval 0-h [ Tj_l _Tj More: than Total
}
Num_ber of Ny n, n; Nji1 N
Individuals
Mean Income Xy X5 yi ijﬂ X
Percentage of _ng _ng+ng . Ny +..+N; Pjs1=1 N=n_ +np+...+Nj
Accumulated | P1 N P2 = N P3 == N
Population
Percentage of| ~ Xjn; _ XqNg +XoN5 |- XiNg +...+ XN | dj =1 [NX=Xqn_ +XoNp +... 4+ Xi 44N,
Accumulated |91 = % (92 T\ B=— o thrre e
Income

Where | denotes the exteme values of the interval. The quantiles case is given when N; = N; forall i,

j, (all intervals have the same number of individuals). If the information comes from administrative
sources, the number of individuals of each interval is different, which is a crucial difference to the
previous situation. Most works use information provided in quantiles. However, papers that use
asymmetric information are quite rare in the literature.

In order to apply our method of estimation, it is necessary to transform the accumulated frequencies
information provided in Table 1. This accumulation process is observed in the bottom rows of table 1.
These rows show the percentage of accumulated population “p” and the proportion of accumulated
income “q” in each interval. Taking into account this representation of the income information, our
procedure is developed in the next section.

3. ECONOMETRIC SPECIFICATION

In this section a two-step estimation method of the income density function is proposed. The reasons
for our two-step method are outlined in the following diagram:

Figure 1
DIAGRAM OF DENSITY ESTIMATION

I 1
Income information: Grouped data
| 1

Symmetric Distribu. Asymmetric ist.

| uantiles | :[Ithepljmupgd dat;:l ‘ Quantiles ‘ :ﬂthel‘ﬁmuped data:

OPTION 2: TWO STEP METHOD

OPTION 1: ONE STEP METHOD

first step:
Estirmation of Lorenz Curve

Very few number of data
Generation of large number of data

Hanparametric density ‘
Estimator

Very faw number of data

Honpar. Estirmation of density function

‘ Second Step:

Large number of data

‘ ESTIMATED INCOME DISTRIB. FUNCTION |
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The non-parametric estimation method (option 1 of Graph 1) used in Sala-i-Martin (2006) among
others has good properties if the information of an underlying symmetric distribution is given in
quantiles. In all the other cases such estimates do not work adequately. In addition, non-parametric
techniques are appropriate when the number of observations is high. Even in case we have quantiles,
the combination of an “unrestricted” estimation method (the non-parametric) and very few data leads
to undesirable results.

For these reasons, two steps are proposed in an estimation process. In the first step, the Lorenz curve
is estimated using information grouped in intervals (whether they are symmetrical or not). With the
estimation of the Lorenz curve "n" values of income are produced. With these values, in the second
stage the density function is estimated through a non-parametric technique. This approach allows us
to transform the information given by quantiles (insufficient information for the estimation of the
nonparametric density function) in a vector of all fictitious values of income needed to estimate the
density function more appropriately.

3.1. Lorenz Curve Estimation

The Lorenz curve contains all the information on income inequalities in a population. This curve shows
values in relative terms, so the information is not given in absolute values. According to Table 1, a
generic representation of the Lorenz curve is given by the following function:

q="f(p), (1)

Where “p” is the cumulative percentage of the population and “q” is the cumulative percentage of
income, f(.) is an unspecified function. Usually, this function is expressed as follows:

q="f(p.x), @)

Where = is the vector of parameters that specifies the Lorenz curve. There are several studies that
estimate the Lorenz curve by providing different types of functional forms, all of these studies can be
used in our estimation method.

The non-parametric approach, as developed by Hasegawa and Kozumi (2003) is based on equation
(1). The parametric approximation given in (2) allows the use of different approaches. Ryu and Slottje
(1996) propose to estimate the Lorenz curve through Bayesian techniques and polynomial functions.

Continuing with the parametric approach, the classical ones estimate the Lorenz curve assuming an
explicit form of the underlying income function. In this work, the focus is on the Ryu and Slottje (1996)
approach on grounds of flexibility: the assumptions of the estimation method and the simplicity of the
estimation procedure’. Following the work of Ryu and Slottje (1996), we order the sample from the
smallest to the largest values of income (x(o),x(l),...,x(l)) where “I” is the sample size. The logarithm of

X(j can be approximated by:

M
logx ) = Zﬁm P +Uj, 3)

m=0

With p; =i/l and u; has a symmetric distribution with a zero mean. We use the least squares method
to estimate parameters 3, . Let the approximated income of the jth poorest person be:

X*(p})= exp[iﬁm p}m], (4)

m=0

In order to calculate the Lorenz curve, the final expression is given by:

' The objective is to emphasize the flexibility of our estimation method in this stage. In order to obtain the Lorenz curve any of
the approaches presented can be used, whether parametric or non parametric. The choice of the approach of Ryu and Slottje
(1996) is only used for simplicity reasons. It is advisable you apply different methods of estimation and compare the results.
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A 1< 1< Mo
q*(pj):rZX(Pj)=rzeXp Brmp;™ (5)
Hico Hico m=0
Where [ is the estimated mean of the income sample, p* is the vector of values of cumulative

percentage of the population and g* is the vector of accumulated income derived from the estimates of
the parameters of the Lorenz curve. For more details about the estimation process see Ryu and
Stottje (1996). The data obtained at the end of this stage are arranged in a matrix of size 2X(k+1),

where "k" indicates the number of times the distribution functions have been divided (“p*” and’q*(p*)”).

3.2. Data transformation and density estimation

Based on the Lorenz curve obtained in the previous subsection this step focuses on the estimation of
the income density function. The information provided in the above step consists of the percentages of
accumulated number of individuals (p,* ) and accumulated income (q,* ) The 2X(k+1) matrix
obtained in the previous stage (we consider the case of k = 100) is as follows:

*0 * * * 1
Pi . Pr P2 Poo (6)
ai i O - Ogg 1

The values of p* and q* of the Lorenz curve are expressed in relative and accumulated terms.
However, to calculate the income distribution function it is necessary to use absolute values and non
accumulated values. Therefore, the next step is the transformation of accumulated and relative values
of income and population in their counterpart values (income) and frequencies (population) in absolute
terms. Next, this transformation process is shown. For illustration purposes two consecutive values of
the Lorenz curve are represented.

Figure 2
TWO CONSECUTIVE POINTS OF LORENZ CURVE

gr(i+1)
a*(i)

accumulated income

| ' p(i) p(+1) T
accumulated population

Starting with the x-axis, the variable p* (percentage of number of individuals) represents the N units
(total individuals) grouped into k intervals of “accumulated” income.

0,03} b3.p3}..[pas .pas | pse where0 < p < ... < pgg < 1
The maximum of this variable is “1”, fi* is considered as the relative frequency of individuals with an
income in the interval (pi*,pi:lJ p* reflecting the accumulated frequency. The difference between two

consecutive values (pf,pi:l) gives the relative frequency in this interval fi* :pi:l—pf. The next step is

to obtain the absolute frequency. The number of individuals in the interval is given by ni* = fi*xN .
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The y-axis represents the different values of income (the variable q*). Two calculations are made:

First, the total income of the population is obtained RT =XxN, where X is the mean income of the
population; and N is the total number of individuals. Secondly, the difference of two consecutive
values of the accumulated income (qf,q;;ll is calculated. This quantity indicates the percentage of

income existing in the range, i.e., r; =qf+1—qi* . This value is bounded between 0 and 1. By multiplying
it by the value of total income (RT), R; is obtained. As a result, the amount of total income (RT)
accumulated in the interval, is: R; =ri x RT . Now, (2Xk) series are produced:

R

Ri Rz -+ Rog Rgg Ry
n;

ng N - -+ Ngg MNgg Nigp

(7)

These series indicate that there are n; individuals in an interval with a total income of R;. Therefore,

the value of the income of each individual in the interval is obtained as follows: Xi:R—j, which leads to
n;

the following series:
Xi

*

N

Xy Xy - Xog  Xgg X100

* * *
ng np - - MNgg MNgg Nipoo

(8)

Now, there are ni* individuals with an income (each unit) of X;, i.e., the value of the income X; is
repeated nf times in the population. This procedure allows us to transform the information given in

Table 1 in a simulated vector of (Xi nI ) values that represents the same underlying income function.

According to these series, the income function is estimated through non-parametric methods. One of
the features of the non-parametric estimator of the density function f(x) is its calculation, no

assumptions about the actual density function being made (i.e. this function belongs to a family of
parametric functions). The estimator of the density function is given by the following expression:

)= ZK(X_hxij, ©)
i=1

Where “X” is the value of income, where the density function being evaluated; and with “n*” is the
total number of available data. We define “h” as the size of bandwidth and K( ) as a kernel function.

For more details on the non-parametric approach see Hardle (1991) and Hardle et al. (2004). The
kernel density estimation given in equation (9) requires two parameters: the kernel function “K” and
the bandwidth parameter “h”. In practice, the choice of the kernel is not nearly as important as the
choice of the bandwidth. The econometric theory cannot provide us with a method to select the
bandwidth that is applicable in practice and theoretically desirable. We introduce two of the most
frequently used methods of bandwidth selection: the plug-in and the cross-validation method. The
optimal bandwidth for a kernel density estimate is typically calculated on the basis of an estimate of
the mean integrated squared error of the density function. For detailed overviews on plug-in and
cross-validation methods of bandwidth selection, see Hardle (1991), Park and Turlach (1992), Sheater
and Jones (1991) and Turlach (1993). Practical experiences are available from the simulation studies
in Marron (1989), Jones et al. (1991), Park and Turlach (1992), and Cao et al. (1992). In the next
section, we analyze the behaviour of our estimator in finite samples.

4. FINITE SAMPLE ANALYSIS

In this section the sample properties of the estimation method described in section 3 are analyzed. To
this effect, Monte Carlo experiments are performed to study the properties of our two-step estimator.
The following non-negative distributions are considered: log-normal, Weibull, generalized gamma and
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beta, which are some of the most commonly used in literature, for details see Minou and Reddy
(20064a).

The first goal is to evaluate whether our density estimator for grouped data fits when compared to the
underlying distribution. This is achieved by calculating the mean, median, standard deviation and
deciles. Then the simulation experiment is described in detail:

1. A sample of observations (size 4000)is drawn according to the underlying density function (log™
normal, Weibull, ..): Xq,X5,Xg, - ,Xa000- The information from all 4,000 observations is
summarized in a similar way to that of the first rows of Table 1.

2. With the values in the previous table, the estimator of the density function is calculated under

section 3. Through the Gaussian kernel, and the approach of Park and Marron (1990)? the
bandwidth is obtained.

3. Finally, several descriptive statistical measures of the estimated density function are calculated
and compared against the actual values.

The results are shown in Table 2. The quantities represent the ratio between the estimated and true
values.

Table 2
STATISTICAL SUMMARY. ESTIMATED VALUE / TRUE VALUE
Statistics log-normal beta weibull gamma
mean 1.0016 0.9926 1.0019 1.0162
Std. Deviation 0.9855 0.9598 1.0660 1.0325
Deciles
0.1 1.0176 1.0045 1.0919 1.2079
0.2 1.0058 0.9967 1.0298 1.0554
0.3 1.0027 0.9898 0.9633 1.0223
0.4 1.0008 0.9860 0.9292 0.9961
median 1.0039 0.9761 0.9021 0.9652
0.6 0.9937 0.9720 0.9023 0.9508
0.7 0.9876 0.9895 0.8949 0.9491
0.8 0.9901 0.9783 0.9128 0.9520
0.9 1.0024 0.9896 0.9831 0.9947

The accuracy of our estimation method is quite high except for some values of the Weibull distribution.
The goodness of fit of our method is observed when comparing the majority of estimates with respect
to the true values, the quantities being very close to 1.

In addition to the comparison of position and dispersion measures, the adjustment of our estimator
versus the underlying function is shown in different cases. Figures 3, 4, 5 and 6 show the true and
estimated density functions and the bias.

2 The mean integrated squared error of the density estimator is given by: yise :J‘Egh(x),f(x)}zdx . Under the asymptotic conditions

K

h—0 and nh— «, it is possible to approximate MISE(fh)ziHKHg +ﬁ{u2(K)}2Hf»H§ .The terms 2 and {up(k)Pare constants
4

nh
depending on the kernel function K. Analogously, Hf"H§ denotes a constant depending on the second derivative of the unknown

1/5
density f. Optimizing the last equation with respect to h yields the following optimal bandwidth: HKHi } . According to

e [f"g{uz(K)}zn
Park and Marron (1990) Hng is estimated by means of HfHZ =LZH:K~ X~ Xi |where “g” is the bandwidth. These authors propose
27 B 4 9
i=1

an optimal bandwidth “g” and a bias correction foerH; . For more details see Park and Marron (1990).
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Figure 3

TRUE VS ESTIMATED DENSITY (SOLID LINE) AND BIAS (DASHED LINE) OF LOG-NORMAL DIST
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Figure 4

TRUE VS ESTIMATED DENSITY (SOLID LINE) AND BIAS (DASHED LINE) OF WEIBULL DIST
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Figure 5

TRUE VS ESTIMATED DENSITY (SOLID LINE) AND BIAS (DASHED LINE) OF GAMMA DIST

0.6

0.5
0.4 -
0.3 1
0.2

0.1 1
0.0

M
AN

.01 ¢
-0.2

5

10 15

true

fitted difference

— 14—



Instituto de Estudios Fiscales

Figure 6
TRUE VS ESTIMATED DENSITY (SOLID LINE) AND BIAS (DASHED LINE) OF BETA DIST
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The solid lines represent the true and estimated density functions, the dashed line is the estimation
bias (expressed as the difference between the true density function and estimated function). These
figures confirm the results in Table 2. The first conclusion from these figures is the good fit of our
estimation method. The second is that there are some minor distortions. The adjustment on the
Weibull distributions and log-normal is very high, the bias can be considered negligible. The
asymmetric Gamma distribution presents a good fit with some bias in the bottom of the distribution.
The worst results occur in the Beta distribution, which overestimates the true function at the bottom of
the distribution. These results match the information shown in Table 2. It must be recalled that the
degree of the bias of the estimated density can affect the calculation of measures of inequality and
poverty.

Another relevant feature of our estimator is asymptotic behavior. To this end, 400 random samples of
size n = 200, 500, 750, 1000, .. 7000 of a gamma distribution have been drawn. Let fU)(x) be the
two-step estimator of the density f(x) developed in section 3 of the j-th sample. The following
measures of discrepancy (bias, variance and mean square error) are defined below:

- n 400
Biasn(F(0)) =2 3 1| 205 271 () |- 1(x) (15)
i=1 j=1

U ORI T YO I Sk < PP
var,(F(x) )Hzﬁz )(x,)- mjzllfl(x,) (16)

MSE(f(x))z Sesgo% (f(x))+ Var, (f(x)) (17)

Using the Gaussian kernel and the bandwidth of Park and Marron (1990) in the estimations the above
values for different sample sizes are calculated. The results are shown in Figure 7.

As expected, the values of these quantities tend to zero as the sample size increases. This is due to
the asymptotic behavior of our estimator. However, when the sample is very small the bias may not be
negligible. In the next section two applications of our method of estimation are presented.
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Figure 7

MEAN SQUARE ERROR, VARIANCE AND BIAS IN THE: Y-AXIS.
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5. EMPIRICAL APPLICATIONS

In this section the focus is on the degree of adaptability of our estimation method to any kind of
grouped data, avoiding the problems highlighted in the introduction. First, data grouped into deciles,
illustrated with a European Union case are used. Then, asymmetric grouped data from tax records of
the Spanish Tax Agency (www.aeat.es) have been applied. Adding to this, our method allow us to
generate national (or global) density function aggregating regional (or national) density functions. This
feature is shown in the second example.

5.1. Symmetric grouped data: The income distribution in the European Union

In this subsection we analyze the income distribution and poverty and inequality measures of EU
member states in 2001. Our estimation process requires information on population (individuals),
average income and quantiles of the income distribution. Information from various sources has been
necessary: the income series (deciles) for 2001 was obtained using the database of global income
inequality (The world income inequality data base, http://www.wider.unu.edu/research/database), that
provides information on inequalities in income / expenditure for a panel of developed or developing
countries for the period 1950-2001. The population and GDP per capita information were obtained
from the Penn Word Tables 3.1 (Heston, Summers and Aten, 2002) (http://pwt.econ.upenn.edu ).
Table 3 shows the data used in this application.

Table 3
UE DATA (YEAR 2001)

Populati. GDP per capita D1 D2 D3 D4 D5 D6 D7 D8 D9 D10
Austria 8096.25  26999.77 4.00 6.00 7.00 8.00 9.00 10.00 1100 12.00 14.00 19.00
Belgium 10303.88  24661.91 4.00 5.00 6.00 7.00 800 9.00 1000 12.00 1450 24.50
Finland 517653  22740.69 4.00 6.00 7.00 8.00 9.00 10.00 1100 12.00 1350 19.50
France 59278.01  25044.54 4.00 5.00 7.00 7.00 800 1000 1100 12.00 1450 21.50
Germany 82344.43  25061.34 4.00 6.00 7.00 8.00 9.00 9.00 1000 12.00 14.00 21.00
Greece 10975.02  13982.39 3.00 4.00 6.00 7.00 800 900 1100 13.00 1550 23.50
Ireland 380138  24947.55 3.00 5.00 6.00 7.00 9.00 10.00 1100 12.00 15.00 22.00
Italy 57714.84  22487.21 3.00 5.00 6.00 7.00 9.00 1000 1100 13.00 1450 2150

Luxembourg  435.23 48217.27 4.00 6.00 7.00 7.00 800 900 1100 12.00 1450 21.50
Nethedands 15897.51  26293.09 4.00 6.00 7.00 8.00 800 9.00 1100 12.00 14.00 21.00
Portugal 10225.09 17323.14 3.00 4.00 5.00 6.00 7.00 800 1000 1250 1550 29.00

Spain 40717.22  19536.38 3.33 4.9 5.96 6.94 790 89 1022 1195 1458 25.27
UK. 58669.74  24666.41 3.00 5.00 6.00 7.00 800 9.00 1100 12.00 15.00 24.00
Denmark 8900.87  25860.69 1.70 3.70 4.60 5.80 710 870 1090 1360 16.60 27.30
Sweden 535098  28551.14 4.10 5.90 6.70 7.50 850 9.30 1020 1150 13.50 22.80
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The density of each country is obtained by using our general method of estimation in two steps: the
first step gives the Lorenz curve, evaluated in 100 points. The second step is the non-parametric
estimation of the income density function in each of 100 fictitious values for each country. All
calculations of the second stage are performed with the Gaussian kernel and the optimal bandwidth of
Park and Marron. Clearly, each country has a different bandwidth.

In the first step, equation (4) is estimated by using OLS. We assume a fourth grade polynomial series

in this equation. The estimation and adjust R? are shown in Table 4. When paying attention to R?,
the good performance of different regressions, with values higher than 0.97 in all of the cases, must
be outlined.

Table 4
OLS ESTIMATIONS OF EU COUNTRIES IN 2001, EQUATION (4)

Populati. GDP per capita D1 D2 D3 D4 D5 D6 D7 D8 D9 D10
Austria 809625  26999.77 4.00 6.00 7.00 8.00 9.00 1000 11.00 12.00 14.00 19.00
Belgium 10303.88  24661.91 4.00 5.00 6.00 7.00 800 9.00 1000 12.00 1450 2450
Finland 517653  22740.69 4.00 6.00 7.00 8.00 9.00 1000 1100 12.00 1350 19.50
France 50278.01  25044.54 4.00 5.00 7.00 7.00 800 1000 1100 12.00 1450 21.50
Germany 82344.43  25061.34 4.00 6.00 7.00 8.00 9.00 9.00 1000 12.00 14.00 21.00
Greece 10975.02  13982.39 3.00 4.00 6.00 7.00 800 9.00 1100 1300 1550 2350
Ireland 380138  24947.55 3.00 5.00 6.00 7.00 9.00 10.00 1100 12.00 15.00 22.00
Italy 57714.84  22487.21 3.00 5.00 6.00 7.00 9.00 10.00 1100 13.00 1450 21.50

Luxembourg  435.23 48217.27 4.00 6.00 7.00 7.00 800 9.00 1100 1200 1450 21.50
Netherands 15897.51  26293.09 4.00 6.00 7.00 8.00 800 9.00 1100 1200 14.00 21.00
Portugal 10225.09  17323.14 3.00 4.00 5.00 6.00 700 800 1000 1250 1550 29.00

Spain 40717.22  19536.38 3.33 4.90 5.96 6.94 790 89 1022 1195 1458 2527
UK. 58669.74  24666.41 3.00 5.00 6.00 7.00 800 9.00 1100 1200 1500 24.00
Denmark 8900.87  25860.69 1.70 3.70 4.60 5.80 710 870 1090 13.60 16.60 27.30
Sweden 5359.98  28551.14 4.10 5.90 6.70 7.50 850 930 1020 1150 1350 22.80

Figures 8a & 8b show the results for the 15 EU members in 2001°. Note the different ways of showing
the income functions. It is noted that there are functions highly concentrated around their modal value
(or median) such as Greece or distributions much more scattered as Luxembourg. These two
countries are those that reflect the most opposite values. The minimum modal value of the
distributions is the Greek one with a value around 10,500 Euros, while the maximum mode belongs to
a central European country with a value of 42,000 Euros. Another aspect which seems worth noting is
the clear difference between the countries of the Mediterranean area and the rest. Greece, Portugal,
Spain and ltaly have two characteristics in their income distributions. The distributions in these
countries are the most asymmetrical, with a significant tail on the right side. In addition, the smallest
modal values reflect that these countries have the lowest income level (on average) and the most
concentrated distribution (the greatest inequality). On the other end, Sweden, Denmark, Austria and
Germany present values referred to the most equitable income (i.e. the most symmetrical
distributions) and the highest mean and median values.

In addition to the density functions, different measures of poverty and inequality are calculated, which
are shown in Table 5. In our estimations of poverty rates the threshold chosen is that most frequently
used by Eurostat: 60 for 100 of the median of the function of households’ disposable income. In the
estimation of Atkinson’s index we assume a value of 0.5 for the aversion parameter.

The Gini index values are quite similar to those presented by the European Commission, for 2001, in
its publication (Eurostat, 2005). For the other indices there is a high consistency with those values
published by previous reference. Differences in rates are due to the different income concept used by
Eurostat (disposable family income), equivalent in terms of national accounts to the income account of
institutional household, while the concept used here is an income equal to GDP, which is always
higher than the previously mentioned*.

3 The density function of Sweden is included in both figure 8a and 8b for the sake of comparability.
4 For more details of a methodological discussion see Milanovic (2006).
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It is worthwhile to make some observations on some of the estimated indices. Inequality values in
terms of Gini indices support the above comments on the shape of the density functions. The smallest
values of inequality are referred to Nordic and Central European countries— Austria (0.232),Germany
(0.249),the Netherlands (0.252),Denmark (0,228),Finland (0.233) and Sweden (0.264). On the
contrary, in the countries of the Mediterranean area such as Spain (0.316), Portugal (0.377), Greece
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.289). The Gini index values are substantially higher.

Figure 8b
DENSITY FUNCTION ESTIMATIONS OF EU COUNTRIES IN 2001
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Table 5
MEASURES OF POVERTY IN 15 UE COUNTRIES (2001)
Populati. Mean Median %< 60%median poverty gap |. Atkinson 1. Gini
Austria 7764 27591.2 25125.3 6.144 0.088 0.037 0.232
Belgium 9555 26060.7 23311.2 16.285 0.183 0.054 0.300
Finland 4963 23242.3 21018.9 6.226 0.094 0.037 0.233
France 55868 26041.7 23306.0 13.050 0.126 0.049 0.271
Germany 76272 26515.3 24479.8 8.518 0.135 0.036 0.249
Greece 10337 145485 12276.5 14.434 0.162 0.071 0.322
Ireland 3622 25656.9 22052.5 11.320 0.126 0.059 0.293
Italy 54672 23263.7 19905.3 11.103 0.105 0.061 0.289
Luxembourg 455 45175.9 41949.0 10.549 0.132 0.037 0.263
Netherdands 14910 274729 25179.6 10.718 0.134 0.039 0.252
Portugal 9330 18605.2 15402.5 21.683 0.242 0.088 0.377
Spain 37315 20891.2 18456.2 16.530 0.185 0.060 0.316
U.K. 54503 26020.8 22647.2 14.355 0.183 0.063 0.311
Denmark 8295 271919 20368.2 12.168 0.171 0.031 0.228
Sweden 4975 30139.8 28334.4 10.794 0.162 0.038 0.264

The same can be said in the case of inequality values measured in terms of Atkinson indexes. On the
one hand, relative poverty, when using the European threshold, also presents the lowest values in
Central European countries , Austria(6.149),Germany (8.,518) y the Netherlands (10.178) —and in the
following Nordic countries— Finland (6.26)Sweden(10.794) and Denmark (12.168 ); which are the
countries with the least inequality. On the other, the highest values of relative poverty are referred not
only to Mediterranean countries such as Portugal (21.683), Spain (16.530), and Greece (14.434)— all
these countries having high levels of inequality but also to Central countries such as Belgium (16,530)
and United Kingdom (14.355), which have higher levels of average and median income and
nevertheless present high values of inequality.

5.2. Asymmetric grouped data: Income distribution in Spain

In this example we focus on Spain’s 2003 tax information on common fiscal territory, which comes
from the Spanish Tax Agency. The key feature is that this information is available in asymmetrical
income intervals (the number of individuals in each interval is different), so it is not feasible to directly
estimate the density function based on quantiles. The information is offered in two separate tables.
The first table provides information on the average income in each interval. The second table shows
the number of individuals in each he intervals®. Such information is provided by Tables 6a and 6b.

There are two goals in this case: Firstly, the distribution functions of taxable income tax are calculated
using asymmetrically grouped data. Secondly, and most important, the distribution of national taxable
income is obtained by adding the values of estimated income derived from regional information
(Autonomous Communities).

5 In this subsection we are making two assumptions: firstly, the "taxable income" of individuals is a good proxy of disposable
income before income tax, and secondly, the number of claimants in income tax is equivalent to the number of "individuals" in
each interval. The latter assumption is obviously inaccurate, since the income tax return can be personal or not and, therefore,
the AEAT does not provide us the actual number of "individuals" in each section. However, the number of tax returns can be
considered, for the purposes of our estimate, as the number of individuals in each section.

The "taxable income" is not the equivalent in monetary terms to the "gross income" available to households, although this fact is
not very relevant for the goal pursued by this stydy. For further discussion see Ayala and Onrubia (2001).
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Table 6a
AVERAGE INCOME OF TAXPAYERS/TAXPAYERS’ AVERAGE INCOME

Region (CCAA) negative - 1,5 15-6 6-12 12-21 21-30 30 - 60 60 - 150 More than 150 Total
Espafia 1332.61 6907.31 11589.84 18241.83 27300.49 42136.51 85283.20 239913.35 18796.17
Andalucia 1534.63 6858.35 11543.37  18101.09  27233.48  41689.28  83187.98 294167.39 16632.85
Aragon 1699.79 6906.54 11597.54 18264.97 27232.36 41896.00 84277.42 260223.34 18297.83
Asturias 1539.28 6718.00 11665.89  18446.51  27348.15  41627.14  84080.90 277534.64 18399.99
|.Baleares 854.62 7038.31 11545.98 18074.95 27198.34 42142.33 85649.47 272781.25 18749.95
Canarias 1407.38 7054.44 11434.33  18098.86  27436.55  42019.88  84097.30 281576.42 18165.79
Cantabria 1361.19 6748.81 11659.29 18258.34 27314.65 41999.87 84447.36 298713.09 18609.64
C. LaMancha 1439.26 6865.71 11485.83  18023.90 2716859  41806.80  82735.87 271998.68 15705.91
CyLeon 96.62 6758.35 11491.46 18167.79 27309.40 41488.19 83378.51 265791.50 16937.91
Catalufia 1392.01 6942.03 11680.08  18308.86  27282.80  42213.67  85670.33 289087.05 21151.76
C. Valenciana 1404.09 7049.12 11648.79 18156.90 27203.47 42065.93 84874.38 309880.93 17473.67
Extremadura 2048.79 6908.01 11332.75  17939.78  27132.69  41714.15  81225.85 247755.62 14653.38
Galicia 914.47 6764.93 11464.84 18159.17 27249.37 41962.53 84390.87 284532.54 16382.15
La Rioja 1650.71 6886.62 11703.73 18096.44 27263.18 41458.51 85040.37 306004.87 18010.03
Madrid 1327.75 6975.34 11706.52  18525.62  27451.71  42751.32  86816.25 313821.84 24221.32
Murcia 1880.96 6980.29 11627.07 18123.64 27279.13 41833.63 84154.57 285683.11 16868.83
Table 6b
NUMBER OF TAXPAYERS (INDIVIDUALS)

Region (CCAA)  negative - 1,5 15-6 6-12 12-21 21-30 30-60 60 - 150 More than150 Total
Espafia 919000 2737612 4174720 4223910 2085731 1444135 307429 41325 15933862
Andalucia 194168 513390 720178 642465 302188 181310 30256 3285 2587240
Aragén 34586 108684 145811 170768 80111 51807 9170 1039 601976
Asturias 33105 76828 105730 131949 72023 39760 5924 789 466108
|.Baleares 16194 63958 116142 98130 43418 33456 7720 1086 380104
Canarias 33153 109819 178811 150878 79798 52630 9804 1321 616214
Cantabria 14660 36523 60421 65824 31641 20294 3872 443 233678
C. LaMancha 45973 148669 208889 170952 70195 41557 6205 586 693026
CylLeon 69260 206408 279787 280044 133233 82225 11841 1044 1063842
Catalufia 121560 417572 694504 877293 443030 318902 80146 10465 2963472
C. Valenciana 109833 353501 539153 466755 207752 138361 27430 3416 1846201
Extremadura 32380 95002 117184 82061 35751 20368 3216 223 386185
Galicia 74966 219536 286590 237712 112262 70355 12057 1559 1015037
La Rioja 7983 23433 37360 38937 16561 11232 2111 227 137844
Madrid 102772 279369 548049 696341 407189 350849 92271 15205 2492045
Murcia 28407 84920 136111 113801 50579 31029 5406 637 450890

The distribution of taxable income in each region is estimated through our method®. The results
are shown in Figures 9a and 9b’. The Autonomous Communities of Madrid, Catalonia and the
Balearic Islands have the highest levels of income, but the distributions are very asymmetric. In
contrast, the regions of Andalusia, Extremadura and Castile La Mancha have the lowest level of
taxable income.

One common feature of all the functions in Figure 9 is the fact that densities cut the y-axis above 0.
The explanation for this result comes from the tax information in Tables 6a and 6b, in which there is a
significant number of individuals having a taxable income (average) with negative values®.

5 In this case, we use the approach of Villasenor and Arnold (1989) for estimating the Lorenz curve, instead of the initially
proposed of Ryu and Slottje. According to this variation, we want to show the flexibility of our estimation method, because we
can use any existing method in the first step.

7 The Spanish density function is included in 9a and 9b for the sake of comparability.
8 Originally, the AEAT offers a range of negative values of income and another between 0-1.5. In our analysis we have added
these two intervals to ensure the theoretical restrictions of the Lorenz Curve.
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Figure 9a
INCOME DISTRIBUTION OF SPANISH REGIONS (CCAA)
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In addition to the density functions, several measures of relative poverty and inequality are calculated.
These results are shown in Table 7. The first column shows the median values of the density function
of taxable income in each region. The poverty threshold is defined as the 60 for 100 of the median
value of each region. The highest values of relative poverty are found in Madrid, Catalonia, the
Balearic Islands, Galicia and Valencia. In the first three cases, the values for the median are
significantly higher than the national one. If the Gini index is applied, it is indeed the same: the largest
values correspond to Madrid, Catalonia and Galicia. These results seem to confirm the relationship
between inequality and relative poverty (European Commission, 2005). Clearly, these results are
related to the underlying density function in each case. In most cases, the regions with the highest
values of average income are also the regions with the most skewed taxable income distribution®.

Figure 9b
INCOME DISTRIBUTION OF SPANISH REGIONS (CCAA)
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9 Relative poverty is calculated according to the poverty line in each Region (Autonomous Community), not with respect to the
national poverty line. Therefore, it is possible to call it "intra-regional poverty level." Similarly, the relative poverty with respect to
a common single threshold (national) can be estimated: this is the "interregional relative poverty."
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The second goal of this application focuses on the problem of the generation of income aggregate
functions from subgroups, i.e. the estimation of the Spanish national income distribution by integrating the
income distributions of regions. Our general method allows the aggregation of regional functions through
the aggregation of "micro" income values produced by each function of income in the regions. This is
important because our technique does not add regional functions of income, but regional microdata derived
from each function (all the different individuals that have been simulated by the density function).

Table 7
MEASURES OF INCOME AND INEQUALITY IN SPANISH REGIONS (CCAA). COMMON FISCAL TERRITORY
Region (CCAA) median % pob<0.6*median povertygap Atkinson Gini
Espafia 15164.372 24.557 0.411 0.135 0.404
Andalucia 13447.659 23.382 0.384 0.130 0.396
Aragon 14687.058 22.892 0.371 0.122 0.388
Asturias 14786.613 22.015 0.348 0.120 0.388
|.Baleares 15493.165 24.810 0.433 0.127 0.403
Canarias 14537.350 24.268 0.404 0.127 0.398
Cantabria 14996.803 23.116 0.387 0.124 0.393
C. La Mancha 12957.376 22.553 0.377 0.118 0.380
CyLeon 13446.678 22.368 0.346 0.126 0.393
Catalufia 17460.513 25.004 0.433 0.133 0.403
C. Valenciana 14274.287 24.581 0.421 0.131 0.397
Extremadura 11789.865 22.654 0.368 0.117 0.385
Galicia 12990.533 24.368 0.399 0.141 0.410
La Rioja 14598.718 22.867 0.393 0.114 0.385
Madrid 19790.010 25.315 0.421 0.138 0.428
Murcia 13829.374 23.063 0.389 0.118 0.382

Figure 10 shows the function of the 2003 taxable income derived from two different approaches. On
one approach, the density is calculated using national information provided in the first row of the tables
6a and 6b. On the second approach, the densities of income in each region are computed and the
(hypothetical) micro values of income derived from regional densities are obtained. The aggregation of
the micro values of all regions gives us the equivalent population (counterfactual) of our country. In our
opinion the two settings are almost identical, so our method of estimation and the subsequent
aggregation of the regional functions work properly.

Figure 10

COMPARISON- ESTIMATION OF NATIONAL INCOME DISTRIBUTION (N.1.D) VS N.L.D.
THROUGH AGGREGATION OF REGIONAL INCOME DISTRIBUTIONS
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6. CONCLUSIONS

This paper presents a general method for estimating density functions for any type of distribution and
clustering of data. These intervals can represent both quantiles (i.e. The number of individuals within
each interval is the same in all intervals) or not. This technique enables us to build a worldwide (or
national) density function on the basis of national (regional) data which is much more accurate than
standard approaches in this type of literature. We show the good properties of the estimation process
in finite samples by means of Monte Carlo experiments. Finally, we present two empirical applications.
Firstly, we calculate the income density in the countries of the European Union using data grouped in
quantiles for year 2001. Secondly, we calculate the density of Spanish regions based on data
asymmetrically grouped. Furthermore, we calculate the density of the income tax of Spain as the
aggregation of micro functions that generate revenue for regional densities.
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SINTESIS
PRINCIPALES IMPLICACIONES DE POLITICA ECONOMICA

El estudio de la distribucion de la renta es un elemento crucial en el analisis de la desigualdad y
pobreza, que desde un punto de vista social, econdmico y politico son de gran relevancia y que
preocupan a economistas, gobiernos e individuos, teniendo mucha importancia los factores que las
determinan asi como las acciones necesarias para su reduccién. Ademas de estos aspectos de gran
relevancia, el calculo de estas funciones de renta, asi como su evolucién a lo largo del tiempo, son
Utiles para estudios sobre movilidad social, impactos de politicas redistributivas, etc; a diferentes
niveles: personales, regionales, nacionales, mundiales, etc.

La estimacion de las funciones de distribucion de renta depende crucialmente de los datos
disponibles para los investigadores. La forma en que se recaban estos es multiple: registros
administrativos, censos, muestras, encuestas, paneles, contabilidades entre otros. Sin embargo, en
muchos casos, la informacion disponible para los investigadores consiste Unicamente en datos
agrupados en porcentajes (cuantiles) de renta procedentes de encuestas a hogares o de registros
administrativos. Es mas, los datos agrupados son la unica fuente de informacion de las distribuciones
de renta en la mayor parte de los paises (o regiones) que tienen un importante papel en la
determinacion de la pobreza y desigualdad a nivel mundial (o nacional), o en el caso de paises
desarrollados cuando se desea realizar estudios de renta a niveles locales o regionales, en los que la
disponibilidad de informacidn relevante via encuestas, paneles, etc. no suele existir.

La técnica desarrollada en este trabajo consiste en un método bietapico de estimacién de la funcion
de distribucion de la renta a partir de datos agrupados. En la primera etapa se estima la curva de
Lorenz aplicando cualquiera de los métodos conocidos en la literatura. En la segunda etapa,
utilizando las estimaciones obtenidas previamente, estimamos de forma no paramétrica la funcion de
distribucién de la renta. Ademas, presentamos dos aplicaciones para distintos tipos de agrupaciones
de datos, tanto a nivel nacional como internacional.





